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It has been recently observed that a scalar field with Robin boundary conditions (RBCs) can
trigger both a superradiant and a bulk instability for a BTZ black hole (BH) [1]. To understand the
generality and scrutinize the origin of this behavior, we consider here the superradiant instability
of a Kerr BH confined either in a mirror-like cavity or in AdS space, triggered also by a scalar
field with RBCs. These boundary conditions are the most general ones that ensure the cavity/AdS
space is an isolated system, and include, as a particular case, the commonly considered Dirichlet
boundary conditions (DBCs). Whereas the superradiant modes for some RBCs differ only mildly
from the ones with DBCs, in both cases we find that as we vary the RBCs, the imaginary part of the
frequency may attain arbitrarily large positive values. We interpret this growth as being sourced
by a bulk instability of both confined geometries when certain RBCs are imposed to either the
mirror-like cavity or the AdS boundary, rather than by energy extraction from the BH, in analogy
with the BTZ behavior.
I. INTRODUCTION
The phenomenon of superradiance in black hole (BH)
physics is a fascinating and intriguing classical process
through which energy can be extracted from the BH.
Over the last few decades, a considerable body of work
has been devoted to understanding the many faces of
this phenomenon (see [2] for a review). In particular, a
thorough understanding of superradiant instabilities has
proved to be challenging. Such instabilities arise when
superradiant modes are trapped around the BH and may
undergo repeated amplifications [3]. The instability that
ensues can be seen at the linear level, but probing its
full development requires a non-linear dynamical anal-
ysis (see [4–8] for fully non-linear treatments and their
interpretation in various setups).
There are three commonly used trapping mechanisms
to induce superradiant instabilities of a scalar field
around a Kerr BH: (1) the existence of a mass term, first
observed in [9] and further developed in [10–23]; (2) im-
posing the field is confined in a cavity around the BH, via
a trapping boundary condition, which was the initial BH
bomb proposal [3], and further developed in [24–26]; (3)
imposing AdS asymptotics [27]. The first type of mecha-
nism determines the asymptotic scalar field solution to be
an exponentially decaying mode, with frequency smaller
(in modulus) than the field mass. But for mechanisms
(2) and (3) there is freedom in the choice of the field’s
behavior at the mirror/AdS boundary. Commonly, one
chooses Dirichlet Boundary Conditions (DBCs), which
guarantee that the system is isolated and there is no
energy-momentum flux through the boundary. However,
the same is guaranteed by Robin Boundary Conditions
(RBCs), a more generic choice which has not yet been
thoroughly studied in the literature. Exceptions include
some recent studies within the (2+1)-dimensional BTZ
BH [1, 28] and some studies for spin 1 fields [29, 30].
The study of a massive scalar field with RBCs in a
rotating BTZ BH [1] showed that, unlike for DBCs, a
superradiant instability can occur, whose signature are
some exponentially growing modes that extract energy
from the BH. However, it was also observed in [1] that
not all of the modes which grow exponentially in time ex-
tract energy from the BH. This behavior was interpreted
as due to an intrinsic, bulk instability of the AdS space,
which occurs for certain RBCs, as previously noted in
[31]. There is then an interplay between the superra-
diance instability, which takes place for moderately low
frequencies, and the bulk instability, which happens for
the lowest frequencies.
The occurrence of this bulk instability is associated to
the use of (a subset of) RBCs. A natural question is how
generic it is and, in particular, if it is strictly associated
to the AdS geometry, or if it occurs for other spacetimes
mimicking the global AdS geometry, such as a volume of
Minkowski spacetime in which the scalar field is confined
due to a mirror-like boundary condition imposed at the
boundary of this volume. Contextualizing, one may recall
that the well known turbulent instability of AdS [32] also
occurs for a scalar field confined in the Minkowski-mirror
setup [33].
In this paper, we show that an analogous bulk insta-
bility occurs in the case of a massive scalar field in a
Kerr-AdS BH with RBCs at infinity. In order to be able
to obtain analytical results, we consider some approxima-
tions, similarly to [27]: a small, slowly rotating Kerr-AdS
BH and scalar modes with wavelengths much larger than
the typical size of the BH. Our results show that, as we
vary the RBCs at infinity such that the real part of the
frequency tends to zero, the imaginary part of the fre-
quency becomes arbitrarily large and, as a consequence,
this bulk instability becomes dominant.
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2Performing a similar analysis for the Kerr-mirror sys-
tem, on the other hand, in which we impose RBCs at the
mirror’s location, we find that, besides mild modifications
to the superradiance effect studied in [24] for the Kerr-
mirror system with DBCs, there is also a new unstable
mode for certain choices of RBCs, similarly to the Kerr-
AdS case. This suggests that the new mode instability
is caused when certain RBCs are imposed at either the
mirror in the Kerr-mirror system or the AdS boundary
in the Kerr-AdS system, and that it is not fundamentally
associated to the asymptotic structure of these confining
geometries.
The content of the present paper is as follows. In Sec-
tion II we review the RBCs to be employed at either
the mirror or the AdS infinity of the systems under con-
sideration. In Section III, we obtain the superradiant
modes for the Kerr-mirror system with RBCs imposed
at the mirror’s location, whereas in Section IV we re-
peat the computation for the Kerr-AdS BH with RBCs
imposed at infinity. We present the conclusions in Sec-
tion V. Throughout the paper we employ natural units in
which c = GN = 1 and a metric with signature (−+++).
II. ROBIN BOUNDARY CONDITIONS
In addressing the phenomenon of superradiance, one
must guarantee that the amplification of the field is
sourced by the BH, and not some other energy source.
Thus one requires that the field-BH system is isolated.
As explicitly shown in the particular case of the (2+1)-
dimensional BTZ BH in [1, 28], this is achieved when
one considers generic RBCs, for either a BH-mirror or
BH-AdS system.
Consider for concreteness the case of a scalar field in
a Kerr-AdS BH, as described in detail in Section IV.
Therein, we construct two linearly independent mode so-
lutions of the Klein-Gordon equation, Φ(D)(t, r, θ, φ) and
Φ(N)(t, r, θ, φ). Φ(D) is chosen to be the principal solution
at r →∞, that is, the unique solution (up to scalar mul-
tiples) such that limr→∞Φ(D)(t, r, θ, φ)/Ψ(t, r, θ, φ) = 0
for every solution Ψ that is not a scalar multiple of Φ(D).
This is the Dirichlet solution. The other solution, Φ(N),
is a nonprincipal solution and it is not unique. We shall
call it the Neumann solution.
A general solution may be written as a linear combina-
tion of these two solutions. In order for the energy flux
to be zero at infinity, we require the scalar field to satisfy
RBCs, in which case the solution is written as
Φ = N
[
cos(ζ)Φ(D) + sin(ζ)Φ(N)
]
, (1)
where ζ ∈ [0, pi) parametrizes the RBCs and N is a nor-
malisation constant. This is the form we shall use in the
following sections. Observe that the DBCs correspond
to ζ = 0, whereas the Neumann boundary conditions
(NBCs) correspond to ζ = pi2 .
Furthermore, a second feature of the RBCs is that the
solution (1) must be square-integrable near infinity,∫ ∞
dr
√−g gtt |R(r)|2 <∞ . (2)
Using the results of Section IV, we can show that in the
AdS case this restricts the range of the mass parameter
µ2 of the scalar field such that − 94 < µ2 < − 54 . We
note, however, that in the case of the BH-mirror system,
in which the RBCs are imposed at the mirror at a finite
radial distance, there is no such restriction in the mass of
the scalar field and, thus, for simplicity, we will consider
the massless case in Section III.
III. THE KERR-MIRROR SYSTEM
In this section we shall consider a massless scalar field
in the Kerr-mirror system with the RBCs at the mirror’s
location. We follow closely the computation in [24], but
to keep this paper self-contained we provide some details
of the computation.
The metric of a Kerr BH is given in Boyer-Lindquist
coordinates by
ds2 = −∆− a
2 sin2 θ
ρ2
dt2 − 4Mra sin
2 θ
ρ2
dtdφ+
ρ2
∆
dr2
+ ρ2dθ2 + sin2 θ
(r2 + a2)2 −∆a2 sin2 θ
ρ2
dφ2 , (3)
where
∆ ≡ r2 + a2 − 2Mr , ρ2 ≡ r2 + a2 cos2 θ ,
M is the BH mass and J ≡Ma its angular momentum.
We consider a massless scalar field Φ that satisfies the
Klein-Gordon equation ∇2Φ = 0 in the background of
the Kerr BH. Taking the ansatz,
Φ(t, r, θ, φ) = e−iωt+imφSml (θ)R(r) , (4)
where Sml (θ) are the spheroidal angular functions, ω > 0
is the field’s frequency and m ∈ Z is the azimuthal har-
monic index. The Klein-Gordon equation separates [34]
into the angular equation for Sml (θ),
∂θ (sin θ ∂θS
m
l )
sin θ
+
[
a2ω2 cos2 θ − m
2
sin2 θ
+Alm
]
Sml = 0 ,
(5)
and the radial equation for R,
∆∂r (∆∂rR) +
[
ω2(r2 + a2)2 − 2Mamωr
+ a2m2 −∆(a2ω2 +Alm)
]
R = 0 , (6)
where Alm is the separation constant, which reduces to
the standard l(l + 1) in the Schwarzschild limit. Ex-
pansions for this constant in terms of the spheroidicity
parameter can be found in [35].
3A. Superradiant modes by a matching method
Assuming a small frequency and slow rotation approx-
imation, M  1/ω and a  M , the exterior region to
the event horizon is divided into two regions, wherein the
radial equation is solved separately. One then matches
the near region solution, valid for r − r+  1/ω, with
the far region solution, valid for r− r+ M , in an over-
lapping part of both regions M  r − r+  1/ω, which
always exists for sufficiently small frequencies.
1. Near region r − r+  1/ω
In the near region the radial equation is given by
∆
d
dr
(
∆
dR
dr
)
+ r4+(ω −mΩH)2R− l(l + 1)R = 0 . (7)
Introducing a new radial coordinate
z ≡ r − r+
r − r− , 0 6 z < 1 , (8)
and defining
R(z) ≡ zi$(1− z)l+1F (z) , (9)
with $ ≡ r
2
+
r+−r− (ω −mΩH), the radial equation may be
written as
z(1− z)d
2F
dz2
[c− (a+ b+ 1)z] dF
dz
− abF = 0 , (10)
with
a ≡ l + 1− i2$ , b ≡ l + 1 , c ≡ 1 + i2$ . (11)
This is the Gaussian hypergeometric equation [36] and
the most general solution for R may be written as
R(z) = (1− z)l+1 [Az−i$F (a− c+ 1, b− c+ 1; a− c; z)
+ Bzi$F (a, b; c; z)
]
. (12)
A,B are two integration constants. The first term in (12)
represents an ingoing mode at the horizon, while the sec-
ond term represents an outgoing mode at the horizon.
For the study of quasinormal modes/quasibound states
(they are equivalent in this context), we set B = 0.
The large r behavior of the near region solution may
be obtained by making the transformation z → 1−z [36],
R(z) = z−i$
[
Γ(2− c)Γ(a+ b− c)
Γ(a− c+ 1)Γ(b− c+ 1) (1− z)
−l
× F (1− a, 1− b; c− a− b+ 1; 1− z)
+
Γ(2− c)Γ(c− a− b)
Γ(1− a)Γ(1− b) (1− z)
l+1
× F (a− c+ 1, b− c+ 1; a+ b+ 1− c; 1− z)
]
,
As z → 1 and 1− z → (r+ − r−)/r,
R(r) ≈ AΓ(1− i2$)
[
(r+ − r−)−lΓ(2l + 1)
Γ(l + 1)Γ(l + 1− i2$)r
l
+
(r+ − r−)l+1Γ(−2l − 1)
Γ(−l)Γ(−l − i2$) r
−l−1
]
. (13)
This is Eq. (20) in [24].
2. Far region r − r+ M
In the far region, the radial equation may be approx-
imated by the wave equation of a scalar field mode of
frequency ω and angular momentum l in flat spacetime,
d2(rR)
dr2
+
[
ω2 − l(l + 1)
r2
]
(rR) = 0 . (14)
The most general solution is
R(r) = αjl(ωr) + βyl(ωr) , (15)
where jl and yl are the spherical Bessel functions of the
first and second kind [36], respectively, and α, β are two
constants. We place a mirror in the exterior region at
r = r0 wherein RBCs are imposed, of the form, cf. (1),
cos(ζ)R(r0) + sin(ζ)R
′(r0) = 0 , ζ ∈ [0, pi) . (16)
where the prime stands for derivative with respect to the
argument. This fixes the ratio
β
α
= − cos(ζ)jl(ωr0) + sin(ζ)j
′
l(ωr0)
cos(ζ)yl(ωr0) + sin(ζ)y′l(ωr0)
, (17)
which generalizes Eq. (28) in [24].
The small r behavior of the far region solution is
R(r) ≈ α ω
l
(2l + 1)!!
rl − β(2l − 1)!!ω−l−1r−l−1 . (18)
3. Matching in overlapping region M  r − r+  1/ω
In the overlapping region M  r − r+  1/ω one can
match the large r solution in the near region (13) with
the small r solution in the far region (18), giving
β
α
= − (r+ − r−)
2l+1Γ(l + 1)Γ(−2l − 1)
Γ(2l + 1)Γ(−l)(2l + 1)!!(2l − 1)!!
× Γ(l + 1− i2$)
Γ(−l − i2$) ω
2l+1 . (19)
This expression can be further simplified using the rela-
tion Γ(z + 1) = zΓ(z), giving
β
α
= −i2$ (r+ − r−)
2l+1
(2l)!(2l + 1)(2l + 1)!
(
l!
(2l − 1)!!
)2
×
(
l∏
k=1
(
k2 + 4$2
))
ω2l+1
≡ −iΛ$ω2l+1 . (20)
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FIG. 1. Normal modes of a scalar field in a Minkowski-mirror cavity under RBCs. The plots show −R′(r0)/R(r0) = cot(ζ) vs.
ω (left panel) and vs. δ (right panel) for a cavity in Minkowski spacetime with r0 = 100 and a mode with l = 1. The real zeros
of this function correspond to the Neumann normal frequencies, whereas the singularities correspond to the Dirichlet normal
frequencies. The purely imaginary frequencies never occur for either Dirichlet or Neumann boundary conditions.
Using this and (17), we can find a relation between the
RBC and the frequency
cot(ζ) = −R
′(r0)
R(r0)
= −j
′
l(ωr0) +
β
α y
′
l(ωr0)
jl(ωr0) +
β
α yl(ωr0)
. (21)
In Fig. 1 we plot cot(ζ) as a function of real frequency
ω and purely imaginary iδ for the case β/α = 0, i.e. no
BH. These give the normal modes of the scalar field in a
cavity in Minkowski spacetime, under RBCs.
Note that the purely imaginary frequency modes only
exist for a subclass of RBCs, which moreover does not
include the DBCs and NBCs. This can be heuristically
understood as follows. For purely imaginary frequencies,
the solution (15) has an exponential behavior in r, and
as such both the solution and its derivative do not van-
ish at a given r. However, for certain values of ζ, it is
possible that a linear combination of the solution and
its derivative vanishes, satisfying (16). Analogous results
were observed in [1].
4. Approximation Im[ω]  Re[ω]  1
We now consider an approximation appropriate to the
problem at hand, Im[ω]  Re[ω]  1. Under this ap-
proximation, we can compute the superradiant modes,
which can also be considered quasinormal modes in this
context, as a small deformation of the real normal modes.
In this case, the RHS of (20) is very small and can be
taken to be zero in first approximation. Then, (17) yields
cos(ζ)jl(ωr0) + sin(ζ)j
′
l(ωr0) ≈ 0 . (22)
Denote by aζl,n, with n ∈ N, the real, positive roots of the
above equation for ωr0. Then, in first approximation, the
real part of the quasinormal frequencies may be given by
Re[ωn] ≈ aζl,n/r0.
Now, write the full solution as ωQN ≡ aζl,n/r0 + iδ˜/r0,
where we assume that δ˜  aζl,n. One may write
β
α
= −iδ˜ cos(ζ)j
′
l(a
ζ
l,n) + sin(ζ)j
′′
l (a
ζ
l,n)
cos(ζ)yl(a
ζ
l,n) + sin(ζ)y
′
l(a
ζ
l,n)
+O
(
δ˜2
)
.
Comparing with (20) gives
δ ≡ δ˜
r0
≈ $ cos(ζ)yl(a
ζ
l,n) + sin(ζ)y
′
l(a
ζ
l,n)
cos(ζ)j′l(a
ζ
l,n) + sin(ζ)j
′′
l (a
ζ
l,n)
(aζl,n)
2l+1
r2l+20
Λ .
(23)
Assuming that, for all ζ ∈ [0, pi),
cos(ζ)yl(a
ζ
l,n) + sin(ζ)y
′
l(a
ζ
l,n)
cos(ζ)j′l(a
ζ
l,n) + sin(ζ)j
′′
l (a
ζ
l,n)
< 0 , (24)
then, δ > 0 if $ < 0, that is, if Re[ωn] < mΩH. This is
the standard result for superradiance in asymptotically
flat BH spacetimes, which generalizes the results obtain
in [24] in the case of DBCs. Note that the sign of δ does
not depend on the position of the mirror in the exterior
region of the BH. In particular, whether the mirror is
beyond the speed of light surface or not is irrelevant for
the existence of superradiant modes.
It remains to show the inequality (24) for all ζ ∈ [0, pi).
For ζ = 0 it is known that yl(a
0
l,n)/j
′
l(a
0
l,n) < 0 and we
have numerical evidence that the inequality is satisfied
for other values of ζ.
Illustrative examples of the variation of the real and
imaginary parts of the frequencies of superradiant modes
are provided in Fig. 2. The figure shows that chang-
ing the value of ζ away from the DBCs value (ζ = 0)
changes only mildly the values obtained with the DBCs,
decreasing it. Note that, given the approximation being
employed, the accuracy of the numerical results decreases
as ω approaches zero.
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FIG. 2. Superradiant modes in a Kerr-mirror cavity. Real part (coinciding with the real normal frequencies) and imaginary
part of the frequencies as a function of ζ/pi in the Kerr-mirror system with M = 0.01, a = 0.001, r0 = 100, l = 1 and m = 1.
Also note that as ω → 0, one has that
ζ → arccot
[
1
r0
(
1
2
− Γ
(
l + 32
)
Γ
(
l + 12
))] . (25)
In particular, for very large r0, as ω goes to zero ζ tends
to pi2 , corresponding to NBCs.
5. Approximation Re[ω]  Im[ω]
In the previous section, we computed the quasinormal
frequencies in the Kerr-mirror cavity whose imaginary
part is much smaller than the real part, treating these
frequencies as “perturbations” of the real normal frequen-
cies of the Minkowski-mirror cavity. However, the latter
also has purely imaginary normal frequencies. Therefore,
the BH system must also have quasinormal frequencies
whose imaginary part is much greater than the real part
and which can be treated as “perturbations” of purely
imaginary frequencies of the Minkowski-mirror system.
The purely imaginary normal modes in the Minkowski-
cavity system can be numerically computed by using (21)
with β/α = 0. In Fig. 3 we show the frequencies iδ with
positive imaginary part for a representative example.
First, note that these modes decay exponentially as we
move away from the mirror, but also grow exponentially
in time. They are therefore unstable modes, which only
exist when a subset of Robin boundary conditions (which
exclude both the Dirichlet and Neumann ones) are im-
posed at the mirror. Second, observe that, as ζ → 0+,
the imaginary part δ → ∞. That is, the growth rate of
these modes can be arbitrarily large as the parameter ζ
characterizing the RBCs gets arbitrarily small. This type
of behavior has also been recently found in the context
of AdS spacetimes (as developed in Section IV) but, to
the best of our knowledge, it has not been discussed for
flat spacetimes with boundaries.
The next step in our calculation would be to obtain
the approximate real part of the quasinormal frequen-
cies in the Kerr-mirror system, which are much smaller
than the corresponding imaginary part, in an analogous
way to the previous case. However, in that case, the full
approximation being employed was Im[ω]  Re[ω]  1,
which was necessary in order to use (20). However, in the
present case, we cannot assume that Re[ω] Im[ω] 1,
since Im[ω] will necessarily be arbitrarily large as ζ → 0+.
Therefore, the strategy to compute the quasinormal fre-
quencies as “perturbations” of the purely imaginary fre-
quencies of the Minkowski-mirror system, using the cur-
rent approximation scheme, fails for these frequencies.
As we will see in Section IV, the same is not true for the
Kerr-AdS system, for which we can obtain the approxi-
mate real part of the quasinormal frequencies.
Nevertheless, the above calculations are sufficient to
draw some conclusions about the Kerr-mirror system. In
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FIG. 3. Purely imaginary normal modes in the Minkowski-
cavity system. The imaginary part of the frequency as a func-
tion of ζ/pi in the Minkowski-cavity system with r0 = 100 and
l = 1.
the regime Im[ω]  Re[ω]  1, the behavior for dif-
ferent RBCs is qualitatively similar to that for Dirich-
let boundary conditions and there is superradiance when
Re[ω] < mΩH. However, for a certain range of RBCs,
which does not include the usual DBCs and NBCs, there
is a mode with positive imaginary part of the frequency
much greater than the real part. As explained further in
the Kerr-AdS case, the flux of energy across the horizon
for a given mode with frequency ω+ iδ is proportional to
δ2 +ω(ω−mΩH) and, thus, for large enough δ, the flux is
towards the BH, even if ω < mΩH. This means that such
a mode, even though is unstable, is not extracting energy
from the BH. This constitutes a new type of mode insta-
bility, caused by the existence of a mirror-like boundary
with non standard boundary conditions.
IV. THE KERR-ADS SYSTEM
We now perform the analogous study for a Kerr BH
in asymptotically AdS space. The global structure of
AdS is that of a confining box, with a timelike conformal
boundary and in this sense conceptually similar to the
Kerr-mirror cavity. However, as we shall see, the results
appear to differ substantially. In this section, we follow
closely the computation in [27]. Again, to keep the pa-
per self-contained, some details of the computation are
provided.
The Kerr-AdS metric reads:
ds2 = −∆r
ρ2
(
dt− a
Σ
sin2 θdφ
)2
+
ρ2
∆r
dr2 +
ρ2
∆θ
dθ2
+
∆θ
ρ2
sin2 θ
(
adt− r
2 + a2
Σ
dφ
)2
, (26)
with
∆r ≡ (r2 + a2)
(
1 +
r2
`2
)
− 2Mr , Σ ≡ 1− a
2
`2
,
∆θ ≡ 1− a
2
`2
cos2 θ , ρ2 ≡ r2 + a2 cos2 θ ,
where M and J ≡ Ma are the BH mass and angular
momentum (with a < `) and ` is the AdS radius.
Considering the Klein-Gordon equation for a massive
scalar field (∇2 − µ2/`2)Φ = 0 in this background, with
the ansatz
Φ(t, r, θ, φ) = e−iωt+imφS˜ml (θ)R(r) , (27)
where S˜ml (θ) are the AdS spheroidal angular functions,
we obtain the angular equation for S˜ml (θ),
∆θ
sin θ
∂θ
(
∆θ sin θ ∂θS˜
m
l
)
+
[
a2ω2 cos2 θ − m
2Σ2
sin2 θ
+Alm∆θ
]
S˜ml = 0 , (28)
and the radial equation for R,
∆r∂r (∆r∂rR) +
[
ω2(r2 + a2)2 − 2Mamωr
+ a2m2 −∆r
(
a2ω2 +Alm − µ
2
`2ρ2
)]
R = 0 , (29)
where Alm is the separation constant.
A. Superradiant modes by a matching method
We proceed to compute the superradiant modes in a
completely parallel way to that used in the Kerr-mirror
system.
1. Near region r − r+  1/ω
In the near region we can neglect the effects of the
cosmological constant and the radial equation reduces to
the same equation as in the near region of the Kerr-mirror
(7) and thus the same results apply. In particular, the
large r behavior of the ingoing solution in the near region
is given by Eq. (13).
72. Far region r − r+ M
In the far region the radial equation may be approx-
imated by the wave equation for a massive scalar field
mode of frequency ω and angular quantum number l in
AdS spacetime,
(r2 + `2)
d2R
dr2
+ 2
(
2r +
`2
r
)
dR
dr
+ `2
[
ω2`2
`2 + r2
− l(l + 1)
r2
− µ2
]
R = 0 . (30)
Introducing a new radial coordinate
x ≡ 1 + r
2
`2
, 1 6 x <∞ , (31)
and defining
R(x) ≡ xω`2 (1− x) l2F (x) , (32)
the radial equation can be written as
x(1− x)d
2F
dx2
+ [γ − (α+ β + 1)x] dF
dx
−αβF = 0 , (33)
with
α ≡ ω`
2
+
l
2
+
3
4
+
1
4
√
9 + 4µ2 , (34a)
β ≡ ω`
2
+
l
2
+
3
4
− 1
4
√
9 + 4µ2 , (34b)
γ ≡ 1 + ω` . (34c)
This is the Gaussian hypergeometric equation [36] and
the most general solution for R may be written as
R(x) = (1− x) l2
[
Cx
ω`
2 −αF
(
α, α− γ + 1;α− β + 1; 1x
)
+Dx
ω`
2 −βF
(
β, β − γ + 1;β − α+ 1; 1x
)]
. (35)
C,D are two integration constants. As x→∞,
R(x) ∼ (−1) l2
(
Cx−
3
4− 14
√
9+4µ2 +Dx−
3
4+
1
4
√
9+4µ2
)
,
(36)
and hence imposing DBCs is equivalent to setting D =
0. Herein, we wish to consider the more generic case of
RBCs, that is,
C sin(ζ) = D cos(ζ) , ζ ∈ [0, pi) , (37)
which may be imposed when − 94 < µ2 < − 54 .
The small ωr behavior of this solution may be obtained
by making the transformation 1x → 1− x [36],
R(x) = x
ω`
2 (1− x) l2
[
E1 x
1−γ(x− 1)γ−α−β
× F (1− α, 1− β; γ − α− β + 1; 1− x)
+ E2 F (α, β;α+ β − γ + 1; 1− x)
]
,
where
E1 ≡ Γ(α+ β − γ)
(
C Γ(α−β+1)Γ(α)Γ(α−γ+1) +D
Γ(β−α+1)
Γ(β)Γ(β−γ+1)
)
,
E2 ≡ Γ(γ − α− β)
(
C Γ(α−β+1)Γ(1−β)Γ(γ−β) +D
Γ(β−α+1)
Γ(1−α)Γ(γ−α)
)
and (37) is satisfied. As x → 1 and x − 1 → r2/`2, one
has
R(r) ≈ (−1) l2 [E1 `l+1 r−l−1 + E2 `−l rl] . (38)
3. Matching in overlapping region M  r − r+  1/ω
In the overlapping region M  r − r+  1/ω one can
match the large r solution in the near region (13) with
the small r solution in the far region (38), giving
E2
E1
=
(r+ − r−)2l+1Γ(l + 1)Γ(−2l − 1)
Γ(2l + 1)Γ(−l)
× Γ(l + 1− i2$)
Γ(−l − i2$) , (39)
where (37) is satisfied.
B. Computation of the quasinormal frequencies
The strategy to compute the quasinormal frequencies
in the Kerr-AdS BH is, again, to treat them as a small
“perturbation” to the normal frequencies of pure AdS,
which is justified for Kerr-AdS BHs with r+  ` and
a `.
The normal frequencies are determined by requiring
RBCs at infinity, as in (37), and regularity at the origin,
which implies that E1 = 0, i.e
D
C
= −Γ(α− β + 1)Γ(β)Γ(β − γ + 1)
Γ(β − α+ 1)Γ(α)Γ(α− γ + 1) . (40)
Plots of C/D as a function of real frequency ω and purely
imaginary frequency iδ are shown in Fig. 4.
Hence, in order for the RBCs (37) to be satisfied one
has that, for ζ 6= pi2 ,
tan(ζ) = −Γ(α− β + 1)Γ(β)Γ(β − γ + 1)
Γ(β − α+ 1)Γ(α)Γ(α− γ + 1) . (41)
For fixed l and ζ, this gives a discrete spectrum of normal
frequencies. In the case of DBCs, ζ = 0, they are given
by
ω(D)n = ±
1
`
(
l +
3
2
+
1
2
√
9 + 4µ2 + 2n
)
, n ∈ N ,
(42)
and for Neumann boundary conditions, ζ = pi2 , they are
ω(N)n = ±
1
`
(
l +
3
2
− 1
2
√
9 + 4µ2 + 2n
)
, n ∈ N .
(43)
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FIG. 4. Normal frequencies in pure AdS (with ` = 1). The plots show C/D, given by (40), vs. ω (left panel) and vs. δ (right
panel) for a mode with µ2 = −2 and l = 1. The real zeros of this function correspond to the Neumann normal frequencies,
whereas the singularities correspond to the Dirichlet normal frequencies. The purely imaginary frequencies never occur for
either Dirichlet or Neumann boundary conditions.
For other RBCs, the frequencies, including the purely
imaginary ones, need to be computed numerically. With-
out loss of generality, we only focus on positive real part
and imaginary part of the frequencies.
We note that the real normal frequency tends to zero
as it approaches a critical value denoted ζAdS, given by
ζAdS ≡ arctan
(
−Γ (1 + µ˜) Γ
(
l
2 +
3
4 − 12 µ˜
)2
Γ (1− µ˜) Γ ( l2 + 34 + 12 µ˜)2
)
, (44)
with µ˜ ≡ 12
√
9 + 4µ2. Then, for ζ ∈ (ζAdS, pi), there is
a normal frequency which is purely imaginary and which
diverges as ζ → pi−, that is, when C/D → −∞. This
is an intrinsic, unstable mode due to the AdS asymp-
totics, which was also analyzed in [31] in pure AdS in all
spacetime dimensions.
1. Approximation Im[ω]  Re[ω]
In the case of a small, slowly rotating Kerr-AdS BH,
the quasinormal frequencies will be approximately equal
to those of pure AdS, with a small imaginary part in the
case of the real normal frequencies, or a small real part
in the case of the purely imaginary normal frequencies.
In this subsection, we take the real part of the quasi-
normal frequencies to be equal to the corresponding real
AdS normal frequencies, and compute their imaginary
part assuming that Im[ω] Re[ω], that is, write the full
quasinormal frequencies as ωQN = ωn + iδ, with δ  ωn.
By replacing it in (39) and solving for δ, one obtains
δ = i
22l+2(l!)2 (r+ − r−)2l+1
`2(l+1) [(2l + 1)!!(2l)!]
2
Γ(l − 2i$ + 1)
Γ(−l − 2i$)
Σ1
Σ2
, (45)
where
Σ1 ≡ Γ(α)Γ(α− γ + 1)
Γ(1− β)Γ(γ − β) −
Γ(β)Γ(β − γ + 1)
Γ(1− α)Γ(γ − α) ,
Σ2 ≡ ψ(α)− ψ(α− γ + 1)− ψ(β) + ψ(β − γ + 1) ,
and ψ(z) = Γ′(z)/Γ(z) is the digamma function.
For DBCs, ωn = ω
(D)
n ,
δ(D) = i(−1)3l+1pi`
−2(l+1)(r+ − r−)2l+1Γ
(
n+ l + 32
)
24ln!Γ
(
l + 12
)2
Γ
(
l + 32
)2
×
Γ
(
n+ l + 32 +
1
2
√
4µ2 + 9
)
Γ
(
n+ 1 + 12
√
4µ2 + 9
) Γ(l − 2i$ + 1)
Γ(−l − 2i$) ,
and for NBCs, ωn = ω
(N)
n ,
δ(N) = i(−1)3l+1pi`
−2(l+1)(r+ − r−)2l+1(n+ 2l + 1)!!
2n+4ln!(2l + 1)!!Γ
(
l + 12
)2
Γ
(
l + 32
)
×
Γ
(
n+ l + 32 − 12
√
4µ2 + 9
)
Γ
(
n+ 1− 12
√
4µ2 + 9
) Γ(l − 2i$ + 1)
Γ(−l − 2i$) .
We can simplify the above expressions using the relation
Γ(z + 1) = zΓ(z), obtaining
δ(D) = −pi`
−2(l+1)(r+ − r−)2l+1Γ
(
n+ l + 32
)
24ln!Γ
(
l + 12
)2
Γ
(
l + 32
)2
×
Γ
(
n+ l + 32 +
1
2
√
4µ2 + 9
)
Γ
(
n+ 1 + 12
√
4µ2 + 9
) 2$ l∏
k=1
(
k2 + 4$2
)
,
(46)
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FIG. 5. Quasinormal frequencies in Kerr-AdS close to the real normal frequencies. We show the real part (which coincides with
the normal frequencies) and the imaginary part of the frequencies vs. ζ/pi for the Kerr-AdS system with M = 0.01, a = 0.001,
and a mode with µ2 = −2, l = 1 and m = 1 (mΩH ≈ 2.506), computed in the regime Im[ω]  Re[ω]. In this case, the Dirichlet
frequencies have real part 4, 6, ..., while the Neumann have real part 1, 3, 5, ...
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For DBCs (the case studied in [27]) and NBCs, when
$ < 0, δ(D) > 0 and δ(N) > 0, for all n ∈ N. These are
the expected results when the superradiance condition
0 < Re[ωn] < mΩH holds.
For other RBCs, the real and imaginary part of the
frequencies need to be obtained numerically. In Fig. 5
we show the real and imaginary part of the frequencies
for a representative example.
Note that the numerically obtained δ appears to di-
verge when ζ → ζAdS. This happens when the corre-
sponding real part of the frequency, which we took to be
equal to the AdS normal frequency, tends to zero, and
the assumption δ  ω is not valid anymore. Therefore,
the numerical results we obtained are only valid when
the real part is sufficiently large.
2. Approximation Re[ω]  Im[ω]
In this subsection, we compute the quasinormal fre-
quencies whose imaginary part is much greater than the
real part, by taking the imaginary part to be the same
as the corresponding purely imaginary AdS normal fre-
quencies and by computing the respective real part, such
that ωQN = ω + iδ, with ω  δ. This can be obtained
by using (39). Since the purely imaginary AdS normal
frequencies only exist for ζ ∈ (ζAdS, pi), the correspond-
ing BH real part have to be obtained numerically and in
Fig. 6 we show a representative example.
Observe that, as ζ → pi−, the real part ω → 0 and
the imaginary part δ →∞. This behavior is identical to
the one found in the case of the (2+1)-dimensional BTZ
BH in [1]. As explained therein, the flux of energy across
the horizon for modes with such frequencies is directed
towards the BH, since the flux of energy may be shown
to be proportional to1 δ2 + ω(ω −mΩH). However, an-
gular momentum is still being extracted from the BH (as
its flux across the horizon is proportional to ω −mΩH),
which shows that superradiance is still occurring. This is
1 Note that, for δ  ω, the sign of the flux of energy across the
horizon is essentially determined by ω −mΩH, as expected.
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FIG. 6. Quasinormal frequencies in Kerr-AdS close to the imaginary “normal” frequencies. We show the real part and the
imaginary part (which coincides with the “normal” frequencies) of the frequencies vs. ζ/pi for the Kerr-AdS system with
M = 0.01, a = 0.001, and a mode with µ2 = −2, l = 1 and m = 1 (mΩH ≈ 2.506), computed in the regime Re[ω]  Im[ω].
The numerical results are not valid for ζ . 0.85pi.
an intrinsic, mode instability which occurs when a sub-
set of Robin boundary conditions are imposed at the AdS
boundary, as such a growing mode is also present in pure
AdS4 for a massive scalar field with certain RBCs at in-
finity [31]. In this regime, this mode instability is domi-
nant in comparison with the superradiant instability and,
therefore, energy flows into the BH.
Note that the numerical results show that as ζ → ζAdS
the real part ω appears to diverge while the imaginary
part δ tends to zero, meaning that the assumption ω  δ
is not valid anymore and the results stop being reliable.
V. CONCLUSIONS
In this paper we discuss the nature of superradiant in-
stabilities of the Kerr-mirror and Kerr-AdS BH triggered
by scalar fields when RBCs are imposed at either the mir-
ror’s location or the AdS infinity. Our results show that
the two systems present the usual superradiant instabil-
ity and a new type of mode instability for certain RBCs.
• In the case of the Kerr-mirror system, the super-
radiant modes have similar qualitative behaviors
for general RBCs as for the DBCs studied in [24].
Namely, the superradiant modes have Im[ω] > 0
when 0 < Re[ω] < mΩH. However, our calcu-
lations show further that, for a certain range of
RBCs, there exists a mode with Im[ω] > 0 much
greater than Re[ω] and whose flux of energy across
the horizon is directed towards the BH. This is a
new type of mode instability which is caused when
certain RBCs are imposed at the mirror.
• In the case of Kerr-AdS BH, we also have modes
with Im[ω] > 0 when 0 < Re[ω] < mΩH. How-
ever, as we consider RBCs for which the Re[ω]
approaches zero, we have numerical evidence that
Im[ω] becomes arbitrarily large and, as a conse-
quence, the flux of energy of these modes across
the horizon is directed towards the BH. Angular
momentum is still being extracted from the BH,
showing that superradiance is still occurring, but
it is subdominant in comparison with the mode in-
stability caused when these RBCs are imposed on
the AdS boundary.
It remains to study these superradiant modes in the
Kerr-mirror and the Kerr-AdS systems without the tech-
nical restrictions in place in this paper, namely consider-
ing BHs of arbitrary size and rotation speed, and using
numerical methods to compute frequencies with arbitrary
real to imaginary part ratio. This would allow us to con-
tinuously connect between the two asymptotic regimes
explored in this paper.
Another interesting question arises from the existence
of the new unstable mode when certain RBCs are im-
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posed at the boundaries of these confined spacetimes.
In the simplest of these cases, one can consider pure
Minkowski spacetime with a mirror-like boundary at a fi-
nite radial coordinate at which those RBCs are imposed.
Given the new unstable mode, one may wonder what is
the final state of the system, whose determination re-
quires to go beyond the linear theory explored in this
paper. One possibility is that, after taking into account
the backreaction, the system stabilizes into a state with
negative energy. The second, more drastic possibility is
that the system collapses has no ground state and, there-
fore, the field theory is pathological. We hope to return
to this question in the future.
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